
Definitions

• U1, streamwise mean velocity (U2 ≡ 0; U3 ≈ 0)

• u1, u2, u3, are the fluctuating velocities along
x, y, z, coordinates respectively

• ν, kinematic viscosity

• Homogeneous along x and z direction, i.e.,
∂x(·) = ∂z(·) = 0 z
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Statistical moments and their budgets

The second-, third- and fourth-order moments of the Navier-Stokes equations for the case of parallel flow
are given in Equations (1), (2) and (3), respectively. The terms written on the right-hand-side balance the
total derivative. For parallel-flows the spatial gradient in the convective term is zero. Furthermore, with
a constant streamwise pressure gradient, the temporal derivative is zero. Hence in the unstrained fully-
developed channel flow, Dt = 0. Due to straining the material derivative is Dt = ∂t 6= 0. The applied strain
causes the moments to evolve in time, anologous to spatial development of an adverse pressure gradient
boundary layer. In otherwords, spatial derivative is replaced by a time derivative.

∂tuiuj = PS
ij + PA

ij + Tij + Πij + εij +Dij (1)

where

PS
ij = −uiu2∂2Uj − uju2∂2Ui

PA
ij = −uiukAjk − ujukAik

Tij = −∂2u2uiuj

Πij = −(1/ρ)(uj∂ip+ ui∂jp)

εij = −2ν∂kui∂kuj

Dij = ν∂2
2uiuj

∂tuiujul = PS
ijl + PA

ijl + PT
ijl + Tijl + Πijl + εijl +Dijl (2)

where

PS
ijl = −uiuju2∂2Ul − ujulu2∂2Ui − uluiu2∂2Uj

PA
ijl = −uiujukAlk − ujulukAik − uluiukAjk

PT
ijl = uiuj∂2u2ul + ujul∂2u2ui + ului∂2u2uj

Tijl = −∂2u2uiujul

Πijl = −(1/ρ)(uiuj∂lp+ ujul∂ip+ ului∂jp)

εijl = −2ν(ui∂kuj∂kul + uj∂kui∂kul + ul∂kui∂kuj)

Dijl = ν∂2
2uiujul
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∂tuiujulum = PS
ijlm + PA

ijlm + PT
ijlm + Tijlm + Πijlm + εijlm +Dijlm (3)

where

PS
ijlm = −uiujulu2∂2Um − ujulumu2∂2Ui − ulumuiu2∂2Uj − umuiuju2∂2Ul

PA
ijlm = −uiujulukAmk − ujulumukAik − ulumuiukAjk − umuiujukAlk

PT
ijlm = uiujul∂2u2um + ujulum∂2u2ui + ulumui∂2u2uj + umuiuj∂2u2ul

Tijlm = −∂2u2uiujulum

Πijlm = −(1/ρ)(uiujul∂mp+ ujulum∂ip+ ulumui∂jp+ umuiuj∂lp)

εijlm = −2ν(uiuj∂kul∂kum + uiul∂kuj∂kum + ujul∂kui∂kum

+ ujum∂kul∂kui + ulum∂kuj∂kui + umui∂kul∂kuj)

Dijlm = ν∂2
2uiujul

In equation 1-3, budgets on the right hand side are termed as ‘production’ due to shear (PS), ‘production’
due to Reynolds stress (PT ), turbulent transport (T ), velocity-pressure gradient correlation (Π), ‘dissipation’
(ε) and viscous diffusion (D). The applied strain produces source terms in all the moment equations, which
is called ‘production’ due to applied strain (PA

ij ). The terminologies used to describe the budget terms are
inherited from second-moment closure, and do not necessarily represent physical behavior (e.g., ‘production’
can be negative and ‘dissipation’ can be positive).

The velocity pressure gradient term is decomposed as Π = ψ + φ, where ψ is pressure transport term
and φ the pressure-strain term. Expressions of the decomposed terms in the second-, third- and fourth-order
moment are given below.

ψij =
−1
ρ

(
∂2pujδ2i + ∂2puiδ2j

)
(4)

φij =
1
ρ

(
p∂iuj + p∂jui

)
(5)

ψijl =
−1
ρ

(
∂2puiujδ2l + ∂2pujulδ2i + ∂2puluiδ2j

)
(6)

φijl =
1
ρ

(
p∂luiuj + p∂iujul + p∂jului

)
(7)

ψijlm =
−1
ρ

(
∂2puiujulδ2m + ∂2pujulumδ2i + ∂2pulumuiδ2j + ∂2pumuiuj∂2l

)
(8)

φijlm =
1
ρ

(
p∂muiujul + p∂iujulum + p∂julumui + p∂lumuiuj

)
(9)
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